This paper is a companion to our previous contribution deriving a new approximate bistatic model for electromagnetic scattering from perfectly conducting rough surfaces. We evaluate this model numerically and compare it with an 'exact' numerical solution of the scattering problem. This comparison shows good agreement between our approximation and numerical solution for a wide range of incident and scattering angles. However, for horizontal-incident horizontal-scattered polarization (HH-pol), the model exhibits strong deviation from the 'exact' solution for near-grazing scattering angles. The model shows a similar divergence at HH-pol when compared with the small-perturbation method (SPM). The cause of this divergence is explained. During the SPM comparison, we noticed that the integral equation method model also does not reproduce the SPM limit except for forward and backscatter geometries. We propose in this paper a simple modification of our model to ensure agreement with the bistatic SPM approximation when applicable, and show that the modified model also yields close agreement with numerical computations even when the surface roughness does not satisfy the SPM condition.
Introduction
In our previous contribution [1] , we derived a new bistatic model that extends the well known Kirchhoff model to include sensitivity to incident and scattered polarizations. This technique was inspired from Holliday [2] who extended the Kirchhoff approximation for backscattering situations. Both developments are based on a second iteration of the surface-current integral equation. Only constant and linear orders in surface slopes are retained in the second iteration to form our bistatic model. This model was presented in terms of a polarization vector multiplying a Kirchhoff integral. The vector notation yields relatively compact expressions for the general case of bistatic scattering.
In the present paper, we evaluate our bistatic model and compare it with an exact numerical computation of electromagnetic scattering from one-dimensional ocean-like surfaces. Details of the numerical procedure which makes use of the multiple-grid iterative approach (MGIA) are given in [3] . Our analytic model as described in [1] agrees quite well with the bistatic scattering cross sections as computed by the MGIA for both horizontal-incident horizontalscattered polarization (HH-pol) and vertical-incident vertical-scattered polarization (VV-pol) at low and moderate scattering angles even for quite rough ocean-like surfaces generated from spectral models corresponding to 10 m s −1 winds. The model also agrees well for VVpol at larger scattering angles. However, the agreement at these larger angles for HH-pol is unsatisfactory.
Our goal in the present paper is to investigate the failure of our bistatic model at large scattering angles in order to find a simple remedy. We have established a link between this failure and a Taylor expansion performed over a term containing the difference between the surface elevation expressed at two different points in the second-iteration surface current. This expansion preserves the proper behaviour of the scattered field for forward-and backscattering geometries in the small-perturbation method (SPM) limit. However, we will show that it is responsible for the unphysical behaviour of the HH-pol field at large scattering angles. It also causes our bistatic model to deviate slightly from the bistatic small-perturbation method at angles other than forward-and back-scattering. We demonstrated analytically in [1] that our new bistatic model does reproduce the SPM for slightly rough surfaces under backscattering conditions (see equations (36) and (37) on p 287 of [1] ). The conformity with SPM should be enforced under the general conditions of bistatic scattering. While comparing our model with SPM, we noticed that the integral equation method (IEM) [4, 5] suffers from similar defects; namely, it fails to reduce to SPM under general bistatic conditions. We trace this failure to the same coefficient that generates the divergence in our model. In view of these developments, we finally propose a simple modification to our model that restores the agreement with SPM for slightly rough surfaces at all incident and scattering angles. It is shown that this new modification brings our model into close agreement with a more elaborate model termed the small-slope approximation (SSA) by Voronovich [6, 7] .
We begin our discussion in section 2 by recapitulating the results of our previous development in [1] , and compare them with the exact MGIA computations. In section 3, we suggest a modification that restores conformity with bistatic SPM and retains consistency with linear orders in surface slopes. In section 4, we verify the conformity with bistatic SPM and show the failure of both our previous derivation before modification and that of IEM. In this section we also present comparisons between our modified bistatic model and exact numerical computations using the MGIA to validate our development. We finally conclude this study in section 5 with comments and plans for future refinements of our model.
Recapitulation of the previous bistatic model
The final form of our bistatic model was given by equation (38) in [1] in terms of the scattered magnetic field. This equation is reproduced here for completeness where the reader is referred to [1] for definitions and expressions of all terms. The polarization vector of scattered electromagnetic waves, P p s , was demonstrated to be the sum of two vectors, P p s ≡ P (1) s + P (2) s .
The first vector P (1) s represents the Kirchhoff polarization vector obtained from the first iteration of the surface current integral equation. The second iteration of this equation provides the complementary polarization vector P (2) s in (2). The expressions for both vectors are
as reproduced from equations (17) and (31) in [1] , respectively. Figures 1 and 2 show a comparison between our previous bistatic model prediction (referred to here as expanded bistatic) [1] and an exact numerical computation of electromagnetic scattering from one-dimensional surfaces using MGIA [3] for vertical-(VVpol) and horizontal-polarization (HH-pol), respectively. The Kirchhoff cross section is shown in both figures for comparison. For the simulations shown in these figures, the random ocean surface was generated from a Bjerkaas-Riedel surface-wave spectral model [3, 8] corresponding to a wind speed of 10 m s −1 . For this surface the rms slope is about 0.3 and the rms height is about 0.5 m. These values indicate a significant height and slope variance for an ocean-like surface. The normalized radar cross sections (NRCS) Figure 2 . HH-pol bistatic scattering cross section as a function of scattering angle for λ = 0.10 m and an incident angle θ i = 60 • . The crosses show the MGIA cross section, the asterisks show the Kirchhoff cross section, and the diamonds show the cross section computed using the extended bistatic scattering model of [1] . The cross sections for both cases are the average from 50 realizations of a random ocean surface generated from the spectral model of [8] corresponding to a wind speed of 10 m s −1 .
values shown in figures 1 and 2 for both the model and the MGIA were computed for an electromagnetic wavelength λ = 0.10 m and an incident angle θ i = 60
• . The Rayleigh parameter (= 2π η 2 /λ) is about 30. For most scattering geometries, this value corresponds to considerable roughness for 0.1 m microwaves; well beyond the SPM limit. As seen from these figures, our model shows generally good agreement at both VV-pol and HH-pol for a wide range of scattering angles. In figure 2 however, one sees a strong divergence at HH-pol for large scattering angles (low grazing angles) between the MGIA and the bistatic model. In the next section, we investigate this discrepancy at HH-pol, and suggest a modification to remove it.
Suggested modification
The surface current resulting from the second iteration of the surface current integral equation is related to the first iteration current and some properties of the scattering surface. From equation (21) in [1] , this second-iteration current is given by
where
and x = x 1 − x 2 . It was suggested in [1] that the η(x 1 ) − η(x 2 ) term in (4) be expanded in terms of an average slope as
This expansion retains properties necessary for preserving back-and forward-scattering symmetry features, and leads to our previous bistatic model [1] where the component in the polarization vectors derived from this expansion can be isolated in a term Q H given by
To illustrate explicitly, we write the complementary polarization vector as
where the unprimed Q H is identical to equation (29) in [1] , and
This identification will help us isolate the problematic η(x 1 ) − η(x 2 ) term in the model. (In the following discussion, we will refer to η(
We now re-evaluate the second iteration current (4), leaving the η 1 − η 2 term intact. This term leads to a double surface integral in the evaluation of the scattered field of the form (10) where now the η 1 − η 2 appearing in the amplitude of this integral is not expanded in a Taylor series as was done in [1] . In order to evaluate I η analytically, we shall add yet another identity to our previous arsenal of equations (15) and 27 in [1] . This new identity is
From (10), we define two integrals I η1 and I η2 that represent the separate evaluation of I η for the η 1 and η 2 terms. Using all the previously defined identities, we are able to reduce both double integrals I η1 and I η2 to single integrals
In deriving (12), we have expanded a phase term occurring in (10) involving η 1 , for example, about the point x 2 , and vice versa. The total integral I η is simply the difference between I η1 and I η2
where a term involving the product of the surface elevation η and the slope gradient ∇η resulting from linearization of the square roots has been eliminated using integration by parts. The final expression for I η reduces to
when the identity
is utilized. It is clear from (14) that the integral I η may be written as a constant scalar multiplying the Kirchhoff integral. Incorporation of this finding into the complementary polarization vector (8), solidifies our previous finding that, at this linear order in slopes, bistatic scattering can be represented by an extended polarization vector times a Kirchhoff integral. A similar result has been obtained more generally by Voronovich [9] . However, it remains to be demonstrated that higher-order terms in slopes and elevations, even present in the second-order iteration of the surface current equation, do not interfere with the final form adopted by our model and also by [9] . We summarize the above results by the following three equations for Q H :
which correspond to: (a) our previous result (7) when η 1 − η 2 is expanded in terms of surface slopes; (b) a complete elimination of η 1 − η 2 from the second-order current (4); and (c) the evaluation of the integrals while retaining η 1 − η 2 intact. It is of course expected that the result Figure 3 . SPM bistatic scattering coefficients as a function of scattering angle for VV-pol and an incident angle θ i = 45 • . The full triangles are the coefficients of Ulaby [10] and the full squares are derived from the IEM of Fung [5] . The curves are derived from (16) using each of the three forms for the VV-pol version of Q H given in (16) (chain, broken and full curves for (16a)-(16c), respectively).
of (c) will produce the most accurate results since fewer simplifying assumptions have been used in its derivation. In the next section we compare the model predictions using each of the Q H expressions in (16) against the exact numerical simulation of the bistatic scattering problem. We also examine each form of (16) in the small-height limit, and verify that (c) yields the proper SPM result as expected.
The SPM limit and numerical evaluation
For slightly rough surfaces (when 2π η 2 /λ 1), the electromagnetic scattering problem has known solutions commonly termed the small-perturbation method. Ulaby et al [10] give these solutions in the general bistatic context. Any electromagnetic model should reduce to this SPM limit under slightly rough surface conditions. In fact, non-convergence of an electromagnetic scattering model to the proper SPM limit may indicate possible problems in its derivation. In the SPM limit, the NRCS, σ 0 pq , is given by σ
where (q H ) is the two-dimensional surface-wave spectrum such as those proposed in [11] or [8] . In the formulation of our bistatic model, the polarization coefficient g pq determined from our polarization vectors is
We now compare the results for g pq computed from the three forms of Q H given in (16) with the corresponding quantity in Ulaby's expression for the bistatic SPM (equations (12.96)- [10] and the full squares are derived from the IEM of Fung [5] . The curves are derived from (16) using each of the three forms for the HH-pol version of Q H given in (16) (chain, broken and full curves for (16a)-(16c), respectively). (12.99) in [10] ). Figures 3 and 4 show such comparisons for θ i = 45
• where Ulaby's SPM coefficients are represented by the full triangles, and those derived from (16a)-(16c) are shown by the chain, broken and full curves, respectively. It can be seen that the g pq coefficients derived from (16c) and shown by the full curves in figures 3 and 4 agree perfectly with the SPM values for both VV and HH polarization. This agreement is, in fact, an exact analytic result that holds at all incident and scattering angles. We have chosen the 45
• incident-angle comparison shown in the figures as examples. Note that although these examples are for a one-dimensional (1D) surface, the analytic agreement holds for arbitrary scattering either into or out of the plane of incidence that can occur for general two-dimensional rough surfaces.
The g pq coefficients can also be derived from the so-called integral equation method [5] . The IEM coefficients are shown by the full squares in figures 3 and 4. On p 251 of his book, Fung [5] demonstrated that the IEM reproduces the SPM limit for backscattering conditions. As seen from figures 3 and 4, this is indeed the case. In fact, the triangles and squares as well as all three curves in the figures agree in the forward and backscatter directions (θ s = ±45
• ). However, one can also see from these figures that the IEM (full squares) does not agree with the SPM limit (full triangles) for general arbitrary scattering angles.
It is interesting to note in figures 3 and 4 that the formulation of SPM with no η 1 − η 2 terms in the second iteration current (corresponding to the Q H from (16b) and shown by the broken curves in the figures) agrees exactly with the IEM in the small-height limit, while the formulation that explicitly includes the η 1 − η 2 terms (corresponding to the Q H from (16c)) yields exact agreement with Ulaby's SPM. Thus we see that the SPM limit is reached only by [1] developed in the present paper. The cross sections for all cases are the average from 50 realizations of a random ocean surface generated from the spectral model of [8] corresponding to a wind speed of 10 m s −1 .
retaining η 1 −η 2 intact during the reduction of the second iteration current into a Kirchhoff-like integral. Approximations that expand this term or merely eliminate it will result in a model that does not conform with SPM in its general bistatic form. Agreement with SPM in the forward and backscatter directions is not sufficient to ensure proper description of the full bistatic electromagnetic scattering.
Figures 5 and 6 compare the modifications to the bistatic model discussed above with the MGIA simulations at VV-and HH-pol, respectively. In these figures, the crosses show the MGIA cross section, while the diamonds show the cross section predicted by the new bistatic model (with an explicit treatment of the η 1 − η 2 term). The asterisks in both figures show the Kirchhoff cross section for comparison. As in figures 1 and 2, the incident angle for both the VV-and HH-pol comparisons is 60
• . It is clear from figure 5 that the agreement for VV-pol is significantly improved over that found using the previous formulation shown in figure 1 . The difference between the MGIA and the new bistatic model for the case shown in figure 5 is less than 1 dB for scattering angles between −75
• and 75
• . This level of agreement is quite good considering that the random surfaces used in our computations are very rough with a Rayleigh parameter significantly larger than unity.
The most dramatic change produced by our new treatment of the η 1 − η 2 term can be seen by comparing the HH-pol results of figures 2 and 6. This comparison shows that the null in the previous (expanded bistatic) HH-pol cross section (figure 2) is absent in new bistatic results shown in figure 6 . The new version slightly underestimates the HH-pol cross section for intermediate scattering angles. The difference between the MGIA and the new bistatic model for the case shown in figure 6 is less than about 2 dB for scattering angles between −75
• . It is also interesting that the discrepancy becomes somewhat greater as the scattering angle increases. We suggest that some of the remaining discrepancies may be due to shadowing (i.e. multiple scattering) which is treated exactly in the MGIA, but only approximately by our bistatic approximation. In future investigations, we intend to examine higher-order corrections to our model in order to better understand these subtle effects.
Conclusion
We have compared our previous bistatic model [1] with exact computations of electromagnetic scattering from one-dimensional rough surfaces. We discovered that the agreement is good for most incident and scattering angles. However, the HH-pol was found to exhibit pronounced errors for large scattering angles. Similar behaviour is also observed with our model when reduced to the SPM limit. We identified these divergences as being caused by a Taylor expansion over the difference between two surface elevations that was utilized in our previous formulation [1] . When this elevation difference is kept intact during the evaluation process, we have shown that the sharp divergence in the HH-pol cross section at large scattering angles as well as the discrepancy with SPM at all angles are both eliminated. While comparing our model with the SPM [10] , we noticed that the well known integral equation method developed by Fung [5] does not conform with SPM for general bistatic geometries. Our present modified formulation reproduces the small-height limit of the IEM when the difference between the term containing surface elevations in the second iteration of the surface current equation is neglected. Our results demonstrate the failure of both our earlier formulation and the IEM to conform with the proper SPM limit. However, we have shown that the modification introduced by explicitly retaining the elevation-difference term in the second-iteration surface current can eliminate the divergence at low grazing angles and discrepancy with SPM. This simple modification brings our model into close agreement with the small-slope approximation proposed by Voronovich [9] .
